MINISTERUL EDUCATIEI SI

INSPECTORATUL SCOLAR JUDETEAN ILFOV CERCETARII $TIINTIFICE

Olimpiada Nationala de Matematica
Etapa locala -20.02.2016

Clasa a I X-a M;
Solutii si bareme

Problema 1
Aplicam inegalitatea mediilor:

«/6a—1=\/1(6a—1) sl+6a_1=3a ............................................................... 2p
Job—1= 1601 < gy 2p
\/60—1:\/1(6c—1) s1+6c_1:3c .................................................................. 2p
Prin sumarea relatiilor de mai sus se obtine inegalitatea din enunt pt ca 3(a+b + C) =3.....1p
Problema 2
Deoarece MS>20=MD2>0=X22016 ... 2p
X—1>0,x=2>0,...,X—=2015>0,(V)X=2016 ........ooooeeiiiiiiiiiiiiiiiiniiiiiiiiiiiee 1p
Ecuatia devine: 2015x —(l+ ot 2015) =2016X—2016" ... ..ot 2p

X =L008: 2007 . et 2p
Problema 3

AN 3
) o S ittt 1
) NC 2 P
— 22— 3
BN = 2 BA+ZBC oo 2p
b) MN :—lﬁugsc ............................................................................... 1p
P = S BA 2B oo 2p
4 7
Deci, MN =%W MNP COINIAE. ...t 1p
Problema 4
Etapa de verificare P(1) adevarat.............c.ooiiiiniiiiiii e 1p
Scriere corecta P(n) — P(n +1) .................................................................... 1p

Etapa de demonstratie ... .......ovuiitiniitii Sp



INSPECTORATUL SCOLAR JUDETEAN ILFOV

MINISTERUL EDUCATIEI SI
CERCETARII STIINTIFICE

Olimpiada Nationala de Matematica
Etapa locala -20.02.2016
Clasa a X-a M,

Solutii si bareme

Problema 1
finj< (V)X % €0, (%)= (X)X = Xoeeeeeeiiiiiiiii e, 1p
f(x)="f(x)e2([x]-[%])={x}-{%}={x}-{%})ed @ 2p
Dar, —1<{X}—{X} <1={X}={%} =0={X} ={X} ccverriiiiiii 2p
DN (1) = [X, ] =X ] (2)- e e, 1p
Din (1) 81 (2) = X, =X ]+ {X} =X [ {Xo} =X eeeeeer e 1p
Problema 2
ZEL] 0 Z =7 (1)ee e, 1p
zi.z_i=|zi|2=1:>z_i=2£,(v)|:1,_3 ........................................................................... 2p
1 1 1 1 1 1

- — — R e e T

P e B e L e e e L e W T W e B e M X Ty OO 4p
1+2,2,1, 141
ZlZZZ3

Problema 3
a)Utilizand formula de schimbare a bazei log, a,-log, a;-log, a,-...-log, & =log, & =1......... 3p
b) 109, 8,,.,100, 8 2 0.eeuuriiiiiiiiiiiiiiiiiiiiiiiiiiiiini e 1p
Aplicam inegalitatea mediilor s reziultatul de la punctul a)

1 1 1
l0g. @ +Iog a3+"'+log 2 : . .

8 2 % D>, . =L 3p

n Iogal a, Iogaz a, Iogan a

Problema 4
CE & X E[L3] e 1p
XL XAL12 220 2 2 22 =4 (L)oo, 1p
X 2125 X123 005 A5 2 4% 2 1(2) oo e p
X A AX =B 20 (B 1p
Prin insumarea relatiilor 1-3= MS > 5(V) Xe [l, 3], cu egalitate doar pt X =1, solutie unica.......... 3p
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INSPECTORATUL SCOLAR JUDETEAN ILFOV CERCETARII $TIINTIFICE

Olimpiada Nationala de Matematica
Etapa locala -20.02.2016
Clasa a XI-a M,

Solutii si bareme

Problema 1
a) Aoan ., =%(n2 1) [ OO 3p
b) f(n)= %(n2 +3n),(V)nel ", functie strict crescitoare = fp = f (1) =2.uereirerrericninnane, 4p
Problema 2

{«/n2+n+1}:x/n2+n+1—[x/n2+n+l} ..................................................................... 1p
Demonstrarea relatiei :n<«n+n+1<n+1,(V)nel = [\/nz + n+1} P RR 3p

Iim{\/n2+n+1}:Iim(\/n2+n+1—n):% .................................................................. 3p

n—o0 n—o

Problema 3
) AB = BA = 0 i 3p
b) Deoarece A si B comutd, aplicand formula Binomului lui Newton, toti termenii dezvoltarii, cu
exceptia primului si a ultimului sunt egali cu Ogs, de unde relatia ceruta...................cooooiinn. 4p
Problema 4
X >0=0 X, > 0,(W)NEl ™ oo 1p
2

x, —fa

X,y a:(z—)>0,(v)neD*:>xn>\/5,(v)neD* ................................................ 1p
Xn
a-x

Xoa =¥y == L <0,(V)nel "= (x,), sirdescrescator(l).............ccoooiiiiiiiiiiiiiii, 1p

Xn
x/asmxl,(v)n €07 => (X, ), MAZINIL (2)..evevveireiieeeiieeeiieeeeesen s 1p
Din (1) si (2), teo Weierstrass = (X, ), convergent= 3limx, =l [l si cumx, > Ja>0=1>0........ 1p

Trecind la limita in relatia de recurentd |, = —/a <0, nu convine si |, = Ja>0convine=l=+a... ..2p
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Olimpiada Nationala de Matematica
Etapa locala -20.02.2016
Clasa a XIl-a M,

Solutii si bareme
Problema 1

Fie C(x)- citul, iar R(x)=ax+b- restul impartirii numaratorului la numitor.

C(x) si R(x) au coeficienti rationali .

Are loc egalitatea (1+x)2°% +(1—x)?°%® = (1+ xz)- C(x)+ax+b, oricare ar fi x numir complex ............ 1p.
In particular, pentru x=i obtinem: (1+i)°® +@1=i)® =@i+b oo, 1p
Astfel, obfinem a=0, D=2 e o 2p.

1 2009 2009 1 1 1
Atunci J.(lJFX) +(§—x) dx = IC(x)dx+ Zloos-j%dx = J-C(x)dx+ 21003 s 2p.
1+x 1+x
0 0 0 0
1
C(x) are coeficienti rationali, deci IC(X)dXe Q, dar 2"z ¢ R\Q, atunci valoarea integralei e R\Q .1p.
0

Problema 2

D = X G bbb R bttt bbb 2p

I =3 =IN(€° +8X° 44X+ 4)FC oorrrriivvrecssssissssssssssssss s s s 3p

_ 1 X 2

I_E(x+ln(e +8X +4x+4))+C .................................................................................................. 1p

J:l(x—ln(eX+8x2+4x+4))+c .................................................................................................. 1p
2

Problema 3
a) - verificare prin calcul a axiomelor grupUlUL............cccooiiiiiiiiiiee e 4p
b) determinarea f(x) = —Ljpaczx

R SRS 1p
e Y10 NV LSS 1p
e 110 1] 1 USSP TP PRV URPRRRRPN 1p
Problema 4
a) ATA=I, — detA” -det A=1, dar det A" =det A = (detA)’ =1=detA=+1 ............ 4p

b) 1) VA BeH = A-BeH , adici (AB)'(AB)=I,
(AB)(AB)= (BT AT)(AB)=B"(ATA) B=B 1B =B B = Ly....iveeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee. 2p
VAeH = A eH ,adica (A7) AT Zly o 1p
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Clasa a IX-a M,

Solutii si bareme

Problema 1
. . . 2a+3b=7 a=2
Notdm |x—y|=a,|x+1|=b, sistemul devme{ :>{ .......................................................... 3p
3a+2b=8 b=1
: [ x+1=1 )
revenind la notatie X—y=2 cu solutiile {(—2, —4),(-2,0),(0,2),(0, —2)} ......................................... 4p.
Problema 2

a) /5,/13,/21 sunt termeni consecutivi ai unei progresii aritmetice <> /13 = M N

=213 =5+21 < 4.13=5+21+2105 ©26= 2«/10 fals, deci /5,13, ﬂnu pot fi termeni

& ell \D
CONSECULIVI &l UNET ProgreSii @rMETICE. ......ocviitiiiiieieie ettt bbbt 3p.
b) &, =S, S, =5n?+6n-5(n-1)*~6(n—1)= 5 + 6fi — 5" +10n—-5- 6 +6=10n+1, Vnell ", deci
(an )n este o progresie aritmetica cu primul termen 11 si rafia 10. ....oocoeeiiiiiiiiiiii e 4p
Problema 3
a) Afirmatia este falsa, pentru n =41, numarul obtinut este divizibil cu41. .......cccooiiiiiiiiiiiii e 3p
O) BT 1 (o7 1SS 1p
PASUL @ TNAUCTIE ...ttt e et et e st e ne e ann e e r e e e e ne e e e re e 3p.
Problema 4

(21

Desen (1p), AF = % AD + :2)) AE (3p) de unde AF = %ﬁ > AB = %(ﬁ +ﬁ) = %E (2p), finalizare(1p)
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Olimpiada Nationala de Matematica
Etapa locala -20.02.2016

Clasa aX-a M,
Solutii si bareme

Problema 1
Q) P =2 L g =0 El i 4p
log, x)* (log, x)*
py A= U1002X) (00:X) 2 Gy (0] 3p
2 6 3(log, 2)
Problema 2
a) z=5+4m-3mi—2+mi=(3+4m)-2miel < 2M=0<M=0...cccocourrirrrrrrrrrrrrrrrrrrenens 3p
b)Fie z=a+Dbi,a,D €] = Z =@ =Dl e 1p

ecuatia devine:

a=6a a=0
a+(—b+7)i:6a+6bi<:>{ {

=
—b+7=6b

Problema 3
2) (o f)(X)=(2m+1)(~3x+9)+3= (-6m—3)x+18m+12=x,vxe <{ " o m=—2.(2p)
° = — =(-6m-— =X,VXe =——.
d 18m+12=0 3 3
pentru m=—§:>g(x)=—§+3 si (f og)(X)=—3(—§+3j+9=X,VXeD ................................ 2p.
b) f(4)+f(2)=20=4"+2"=20=n=2, deCi f(X)=X" i 3p
Problema 4
a) «/2p+6=4:> p:5:>9,3/5p+2:§/ﬁ=3€D ........................................................................... 3p
:3, _3 3: _3
b) Notez a=VXTe=a =X =a’+b’ =(a+b)(a’ —ab+b*)=8, .o 2p
b=311-x=Db*=11-x

a=0b=2=x=3
=0,a=2=x=11

a+b=2

inplus, a+b=2,deunde 1 , )
a—ab+b° =4

:>ab:0,deci{
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Olimpiada Nationala de Matematica
Etapa locala -20.02.2016
Clasa a XI-a M,
Solutii si bareme

Problema 1

—oo,dacda >1 .
Iim(xfx2+x+1—ax—b)=limx /1+1+i2—a—9 _17 N , deci putem avea doar a=1........... 3p
X300 X—00 X X X +oo,dacda <1

_ _ 5 —obx—b? . x(1-2b)+(1-b?)
Pentru a=1=>lim| Vx> + Xx+1—(x+b :“mxz+x+1 XZ/ 2bx~b =lim =
X—”"[ ( )J = X+ x+1+(x+b) =2 X+ x+1+(X+b)

R 4p
2 2
Problema 2
4 & & A R & & &, &
Daca notam cu r ratia progresiei aritmetice, avem:|a, a, a5 = |3r 3r 3r|=3r-a|l 1 1|=0
8 a & Q a & 1 11
(determinantul are 2 liNii IAENTICE). ...cviiieiiee ettt e et e saeenas 3p+4p
Problema 3
Y T B I o OSSP 4p
b) Pentru a=1b=2D=0\{-1}, y=x—2 este asimptota oblicd la —o si la -0, deci nu avem asimptote
(o] 0] 1] =1 =TSR 1p
in plus X =—1 este asIMPLOtA VEITICALA. .......cceeiviiiiriiiiiitiiticiet e 2p
Problema 4
1 2 3 1 3 6
2) AT(1)=]{0 1 2[,A(1)=]0 1 3| 3p
0 01 0 01
1 -1 0
(Y1 T I R 4p
0 0 1



MINISTERUL EDUCATIEI SI
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Clasa a Xll-a M,
Solutii si bareme

Problema 1

. aeM=e*>1
a) Fie < :>ea+eb—1>1:>In(ea+eb—1)>0:>aobeM. ........................................... 3p
beM=¢e">1

b) “o"asociativi <> (acb)oc=ao(boc),va,b,ceM <:>[In(ea+eb —1)}oc:ao[ln(eb+ec—1)]<:>

a, b b et
In (e'"(e ) e _1) =In (ea e )<:> In (ea +e°+e° — 2) =In (ea +e’+e° - Z)adevératpentru

Problema 2
""lege pe G (2p), comutativitate (1p), asociativitate (1p), element neutru (1p), toate elementele

simetrizabile (2p).

Problema 3
1
X 1
a) I, = 0D oY (G Il [ RSSO 2
)b £x2+1 2 ( )‘ P
1 2 1
X 1 1
I, = dx=||1- AX = (X —AICEO X )| = L ettt eeeeeeeeeeeeeeeeeeeeeeeeeenens 2
2 £x2+1 ;[( x2+j ( 9%, g
1X”M
b) 1o+l =] O ==, W LT ¥ oo 3p
L X2A1 n+
Problema 4
a) F primitivi= F derivabila = F continua = F continuain X, =1=a+2=b—-2.......ccccocecvrrrnene. 1p.

2X+a,x<1

32+ 2x—4, x> 1 si F derivabiliin x,=1<FQ)=F/Q) < a+2=1<a=-1.

In plus, F (X) ={

[ Lo = N 1N o T T 2p.

Verificarea pentru valorile ODfINULE .........ccocuiiiiiiiiiiiiiiic s 1p

b) f(x)— 2x-1,x<1 3
TR DXy L p



